ABSTRACT. We show, for example, that normal collectionwise Hausdorff spaces which are collectionwise normal with respect to families of cardinality Ni are collectionwise normal with respect to any number of copies of [0, 1] .
This paper examines several aspects of the question: When is a normal collectionwise Hausdorff space collectionwise normal with respect to discrete families of closed sets with some property? We show that a sufficient condition is collectionwise normality with respect to families of a fixed cardinality. For example, normal collectionwise Hausdorff spaces which are collectionwise normal with respect to families of cardinality Ni must be collectionwise normal with respect to any number of copies of [0, 1] . Estimates are provided which depend on either the hereditary Lindelöf number or the Lindelöf number and cardinality of the underlying sets being separated. We show that another sufficient condition is that the underlying sets being separated be scattered and paracompact.
The first result shows that the construction of normal collectionwise Hausdorff spaces which are collectionwise normal with respect to families of cardinality less than k but not collectionwise normal with respect to families of cardinality k essentially requires that the sets which cannot be separated be big. The second result contrasts with Fleissner's normal collectionwise Hausdorff space of 1973 [1] which is not collectionwise normal with respect to scattered sets (wi) and Navy's normal collectionwise Hausdorff space of 1979 [2] which is not collectionwise normal with respect to paracompact sets ((D(u>i))u).
We begin with a general result. THEOREM 1. If X is a normal collectionwise Hausdorff space and discrete families of cardinality at most A+ are separated, then discrete families of closed paracompact sets of hereditary Lindelöf degree at most X are separated.
PROOF. Let (Aa : a G k) be a discrete family of nonempty closed paracompact subsets of X of hereditary Lindelöf degree at most A. Let A = (Ji^a : or 6 k). A is a paracompact subspace of X. By the collectionwise Hausdorff property, we can define discrete families of open sets in A, {Uaß: a G k}, inductively on ß G X+ such that 1. []{Uai '■ 1 < ß} either contains Aa or does not contain Uaß n Aa.
Väß~r\A c Aa.
This is possible, since if we have defined {Ua~i-a G k} for each 7 < ß, we may choose {Pa : ce G k} such that pa is an element of Aa -[\{Uai : 7 < /?} whenever A* -\J{Ua~t' 1 < ß} is nonempty and pa is an element of Aa otherwise. This theorem has a simpler statement for metric sets.
COROLLARY l. If X is a normal collectionwise Hausdorff space and discrete families of cardinality at most X+ are separated, then discrete families of closed metric sets of weight at most X are separated.
Additional estimates are provided by THEOREM 2. Let X be a normal collectionwise Hausdorff space.
(i) // discrete families of cardinality at most A^° are separated, then discrete families of closed Lindelöf sets of cardinality at most X are separated.
(ii) // discrete families of cardinality at most X are separated, then discrete families of compact sets of cardinality at most X are separated. ( This theorem is implied by Theorem 1 and Theorem 3 when the sets are metric.) PROOF. Let {Aa : a < k} be a discrete family of closed Lindelöf (compact) sets of cardinality at most A. For each a < k, let {ft7. : 7 G X} list Aa-For each 7 S A, let {U2 '■ a G k} be a discrete family of open sets such that 1. ÜlnA0 = 0(ß^a), 2. bl G U2. such that, for each a G k, \J{U2 '■ 7 G A} D Aa. {t/J : 7 G A, a G k,} is a CT-discrete family of open sets, the closure of each element of which intersects at most one Aa, and the proof is complete.
The proof of Theorem 2 has been simplified by a comment of Ken Kunen. Next, we prove THEOREM 3. If X is a normal collectionwise Hausdorff space, then discrete families of closed paracompact scattered sets are separated.
We need two preliminary lemmas, the first of which is due to Telgarsky [3] . (This is possible by Lemma 2 and because the free union of free unions is a free union.)
3. D'a is the set of points of maximum rank in some element of Bxa. 4. Ua is a discrete family of open sets whose closures intersect at most one Xa such that Ua D Dla (this is possible since U{Da : a G 1} is a discrete family of points).
5.Xa+^Xi-\jUa. If we can show that for each a G I there is i G ui such that Xa = 0 then we are finished. Suppose not and let x G Xa -\J Ua for each i G lo. By induction, we can find, for each i G lo, Bi G Ba such that x G Bi. For each i G u>, Bi+Í is contained in Bi minus the points of maximum rank and so rk(Bi+x) < rk(B¿) whenever Bi is nonempty. Each Bi is nonempty and so {rk(B¿): i G oj} is a descending sequence of ordinals.
The rationals are not scattered but THEOREM 4. Normal collectionwise Hausdorff spaces are collectionwise normal with respect to countable sets.
